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In this paper, we mainly study the local distinguishable multipartite orthogonal quantum states by
local operations and classical communication (LOCC) inm1⊗m2⊗. . .md⊗n (2 < m1,m2, . . . , md ≤
n), where the quantum system m1 belongs to Alice, m2 belongs to Bob, . . . , md belongs to Zehers
and n belongs to Susan. We first present the pure tripartite distinguishable orthogonal quantum
states by LOCC in 2⊗2⊗n. With the conclusion in 2⊗2⊗n, we prove distinguishablity or indistin-
guishability of some orthogonal quantum states. At last, we give the (d + 1)-party distinguishable
orthogonal quantum states in m1⊗m2⊗ . . .md⊗n. Our study further reveals quantum nonlocality
in multipartite high-dimensional quantum system.
PACS numbers: 03.67.Hk, 03.65.Ud.
I. INTRODUCTION
Local operations and classical communication (LOCC)
plays a key role in distinguishing orthogonal quantum
states when several distant participants want to accom-
plish the quantum information processing task. A basic
problem is to distinguish certain sets of pure orthogo-
nal quantum states by using LOCC protocols. Consider
the bipartite case in LOCC protocols, Suppose that Al-
ice and Bob share quantum state, if Alice goes first,
Bob can determine which state is given. LOCC proto-
cols have received a wide attentions in recent years [1–9].
In [10–13], local indistinguishability of orthogonal prod-
uct states can be locally figured out by LOCC protocols.
The distinguishability of orthogonal maximally entangled
states can be determined by LOCC in [14–18]. Walgate
and Hardy proposed a simple method to prove the distin-
guishability of a orthogonal quantum states set whether
these quantum states are entangled or not [1]. In 2004,
Fan [4] showed that a set of linearly independent quan-
tum states cannot be discriminated deterministically or
probabilistically by LOCC. They gave a conclusion that
if l(l − 1) ≤ 2d (d represents the number of generalized
Pauli matrices), any l maximally entangled states of this
set are locally distinguishable. Duan et al.[8] studied
and discussed the local distinguishability of general mul-
tiqubit states. They showed that any orthonormal basis
of a subspace which is spanned by arbitrary three-qubit
orthogonal unextendible product bases (UPB), cannot
be exactly distinguishable by LOCC. Naturally, quantum
nonlocality of multipartite quantum states were studied
in [19–23]. For example, Niset and Cerf [19] constructed
a n parties product basis by using a universal method to
exhibit the pheonmenon of “quantum nonlocality with-
out entanglement” in which the n parties’ dimension of
quantum system are all at least n-1. Walgate et al. [22]
∗ cryptjweng@gmail.com
first presented the form of disitinguishable bipartite or-
thogonal quantum states case in which any two pure or-
thogonal states can be locally distinguished. Followed by
this simple case, they showed that the states of tripar-
tite form can be distinguished by changing into a larger
Hilbert space.
In this paper, we study multipartite distinguishable
orthogonal quantum states in m1 ⊗ m2 ⊗ . . .md ⊗ n
(2 ≥ m1,m2, . . . ,md ≤ n), where m1 belongs to Alice,
m2 belongs to Bob, . . ., md belongs to Zehers and n be-
longs to Susan. We first present and prove the simplest
case, that is, a set of tripartite distinguishable orthog-
onal quantum states in 2 ⊗ 2 ⊗ n. Some distinguish-
able and indistinguishable examples are presented with
the conclusion in 2 ⊗ 2 ⊗ n. At last, we show a set of
multipartite distinguishable orthogonal quantum states
in m1 ⊗m2 ⊗ . . .md ⊗ n. The mixed orthogonal multi-
partite quantum states have the similar conclusions.
The rest of this paper is organized as follows. Mul-
tipartite distinguishable orthogonal quantum states in
m1 ⊗m2 ⊗ . . .md ⊗ n is presented in Sect. II. The con-
clusions are shown in III.
II. MULTIPARTITE DISTINGUISHABLE
ORTHOGONAL QUANTUM STATES IN
m1 ⊗m2 ⊗ . . .md ⊗ n
we first introduce a lemma in Ref. [1] in which 2 ⊗
n orthogonal quantum states can be distinguished with
Alice going first.
Lemma 1. Alice and Bob share a 2 ⊗ n dimensional
quantum system: Alice has a qubit, and Bob has a n di-
mensional system that may be entangled with that qubit.
There is a basis {|0〉, |1〉}A such that in that basis
|ψi〉 = |0〉A|η
i
0〉B + |1〉A|η
i
1〉B, (1)
then if Alice goes first, a set of l orthogonal states {|ψi〉}
is exactly locally distinguishable if and only if 〈ηi0|η
j
0〉 =
〈ηi1|η
j
1〉 = 0 if i 6= j.
2Next, we give the tripartite distinguishable pure or-
thogonal quantum states by LOCC in 2 ⊗ 2 ⊗ n. Then
we extend it to m1 ⊗m2 ⊗ . . .md ⊗ n with d ≥ 2, where
the proof techniques refer to Ref. [1].
Theorem 1. A two-dimensional quantum system that
belongs to Alice, a two-dimensional quantum system that
belongs to Bob may be entangled with a n dimensional
quantum system that belongs to Charlie. They share this
2 ⊗ 2 ⊗ n dimensional quantum system: there is a basis
{|0〉, |1〉}A, {|0〉, |1〉}B such that in that basis
|ψi〉 = |0〉A(|0〉B |η
i
1〉C + |1〉B|η
i
2〉C)
+|1〉A(|0〉B|η
i
3〉C + |1〉B|η
i
4〉C),
where 〈ηi1|η
j
1〉 = 〈η
i
3|η
j
3〉 = 0 (i 6= j),
(2)
then if Alice goes first, and Bob goes second, a set of
orthogonal states {|ψi〉} is exactly locally distinguishable
if and only if 〈ηi2|η
j
2〉 = 〈η
i
4|η
j
4〉 = 0 (i 6= j).
Proof: The sufficiency is obviously. Suppose there ex-
ists a set {|ψi〉}
k
i=1, each of {|ψi〉}
k
i=1 has the form in
Eq.(2). Alice and Bob send the results to Charlie by
measuring in the basis {|0〉, |1〉}A and {|0〉, |1〉}B then
Charlie can successfully distinguish these states by mea-
suring with the corresponding orthogonal basis {|ηi1〉}B
or {|ηi2〉}B or {|η
i
3〉}B or {|η
i
4〉}B.
The necessity is showed as follows. Suppose that Alice
goes first and the k states {|ψi〉}
k
i=1 must be reliably dis-
tinguished. After Alice’s measuring, all reserved states
of Bob must be orthogonal. Therefore, for all pairs of
states {|ψi〉, |ψj〉} and for all measurement results m,
either that pair remains orthogonal postmeasurement,
i.e. 〈ψi|M
†
mMm|ψj〉 = 0, or else one of that pair of
states has been eliminated, i.e. 〈ψi|M
†
mMm|ψi〉 = 0 or
〈ψj |M
†
mMm|ψj〉 = 0.
One of the POVM elements must be nontrivial. So
under the basis space {|0〉, |1〉}A, the POVM elements
M †mMm can be expressed as
M †mMm = α|0〉〈0|+ β|1〉〈1|,
where α > β ≥ 0.
Those states must remain orthogonal if Alice elimi-
nates neither pair from the running. Combining with
the condition, i.e. |ψi〉 and |ψj〉 are orthogonal, we get
〈ψi|M
†
mMm|ψj〉 = α〈η
i
2|η
j
2〉+ β〈η
i
4|η
j
4〉 = 0,
〈ψi|ψj〉 = 〈η
i
2|η
j
2〉+ 〈η
i
4|η
j
4〉 = 0.
(3)
Combining with Eq.(3), we get (α − β)〈ηi2|η
j
2〉 = 0.
Since α > β ≥ 0, we get α− β > 0. Therefore, 〈ηi2|η
j
2〉 =
0 holds. So 〈ηi4|η
j
4〉 = 0 holds Hence, in the case that
neither state is eliminated, this pair of states must be in
the form given in the theorem.
Next, consider the special case, i.e. Alice achieves a
negative identification herself that is 〈ψi|M
†
mMm|ψi〉 = 0
or 〈ψj |M
†
mMm|ψj〉 = 0. Suppose she has eliminated |ψi〉,
so we consider 〈ψi|M
†
mMm|ψi〉 = 0 and 〈ψi|ψi〉 = 1. We
get two equations
α(〈ηi1|η
i
1〉+ 〈η
i
2|η
i
2〉) + β(〈η
i
3|η
i
4〉+ 〈η
i
4|η
i
4〉) = 0,
〈ηi1|η
i
1〉+ 〈η
i
2|η
i
2〉+ 〈η
i
3|η
i
4〉+ 〈η
i
4|η
i
4〉 = 1,
(4)
Thus, (α− β)(〈ηi1|η
i
1〉+ 〈η
i
2|η
i
2〉) = −β. Since α > β ≥ 0,
the results α−β > 0,−β ≤ 0 and 0 ≤ 〈ηi1|η
i
1〉, 〈η
i
2|η
i
2〉 ≤ 1
hold. So we obtain β = 0 and 〈ηi1|η
i
1〉 = 〈η
i
2|η
i
2〉 = 0.
That is, we get 〈ηi3|η
i
3〉+ 〈η
i
4|η
i
4〉 = 1. So we have |ψi〉 =
|1〉A(|0〉B|η
i
3〉C + |1〉B|η
i
4〉C). In this case, the other state
must take the form
|ψj〉 = |0〉A(|0〉B|η
j
1〉C + |1〉B|η
j
2〉C)
+|1〉A(|0〉B|η
j
3〉C + |1〉B|η
i⊥
4 〉C),
(5)
Therefore, in all cases, any pair of states must be the
form in Theorem 1. In the basis {|0〉, |1〉, |2〉}A, all states
are represented as
|ψi〉 = |0〉A(|0〉B|η
i
1〉C + |1〉B|η
i
2〉C)
+|1〉A(|0〉B|η
i
3〉C + |1〉B|η
i
4〉C),
where 〈ηi1|η
j
1〉 = 〈η
i
2|η
j
2〉 = 〈η
i
3|η
j
3〉 = 〈η
i
4|η
j
4〉 = 0. ✷
Example 1. In [24], there is a set of distinguishable
orthogonal product states proved by Theorem 1 in 2 ⊗
2⊗ 2
|ϕ1〉 = |0〉A|0〉B|0〉C , |ϕ2〉 = |0〉A|1〉B|+〉C ,
|ϕ3〉 = |0〉A|0〉B|1〉C , |ϕ4〉 = |1〉A|+〉B|−〉C ,
|ϕ5〉 = |1〉A|+〉B|+〉C , |ϕ4〉 = |1〉A|−〉B|b〉C ,
|ϕ5〉 = |1〉A|−〉B|b
⊥〉C .
where |+〉 = 1√
2
(|0〉 + |1〉), |−〉 = 1√
2
(|0〉 − |1〉) and
{|b〉, |b⊥〉} is any orthonormal basis of C2 not equal to
{|0〉, |1〉} or {|+〉, |−〉}.
Example 2. We give an indistinguishable states set in
2⊗ 2⊗ 2
|χ1〉 = |0〉A|0〉B|0〉C ,
|χ2〉 = |0〉A|0〉B|1〉C − |1〉A|0〉B|0〉C ,
|χ3〉 = |1〉A|1〉B|0〉C − |0〉A|1〉B|1〉C ,
|χ4〉 = |0〉A|1〉B|0〉C + |1〉A|0〉B|0〉C ,
|χ5〉 = |1〉A|1〉B|1〉C + |1〉A|0〉B|1〉C + |0〉A|1〉B|1〉C ,
Example 3. In 2⊗2⊗3, we construct an indistinguish-
able set
|ρ1〉 = |0〉A|0〉B|0〉C + |1〉A|0〉B|2〉C ,
|ρ2〉 = |0〉A|0〉B|1〉C + |1〉A|0〉B|0〉C ,
|ρ3〉 = |0〉A|0〉B|2〉C − |1〉A|1〉B|0〉C ,
|ρ4〉 = |0〉A|1〉B|0〉C + |1〉A|0〉B|1〉C ,
|ρ5〉 = |0〉A|1〉B|2〉C + |1〉A|1〉B|1〉C ,
|ρ6〉 = |0〉A|1〉B|2〉C − |1〉A|1〉B|1〉C ,
|ρ7〉 = |0〉A|1〉B|1〉C + |1〉A|1〉B|2〉C ,
|ρ8〉 = |0〉A|1〉B|1〉C − |1〉A|1〉B|2〉C ,
Example 4. In 2⊗2⊗2, we construct an indistinguish-
able set
|φ1〉 = |0〉A|0〉B|0〉C ,
|φ2〉 = |0 + 1〉A|0〉B|1〉C ,
|φ3〉 = |0 − 1〉A|0〉B|1〉C ,
|φ4〉 = |0〉A|1〉B|0 + 1〉C ,
|φ5〉 = |0〉A|1〉B|0− 1〉C ,
|φ6〉 = |1〉A|0 + 1〉B|0〉C ,
|φ7〉 = |1〉A|1〉B|1〉C ,
3Example 5. We give an indistinguishable unextended
orthogonal states in [25]
|ψ1〉 = |0〉A|1〉B|0− 1〉C ,
|ψ2〉 = |0− 1〉A|0〉B|1〉C ,
|ψ3〉 = |1〉A|0− 1〉B|0〉C ,
|ψ4〉 = |0 + 1〉A|0 + 1〉B|0 + 1〉C ,
In the following, we give the locally distinguishable
tripartite orthogonal pure quantum states in 2 ⊗ 3 ⊗ n
(d ≥ 2).
Theorem 2. A two-dimensional quantum system that
belongs to Alice, a three-dimensional quantum system
that belongs to Bob may be entangled with a n dimen-
sional quantum system that belongs to Charlie. They
share this 2⊗ 3⊗ n dimensional quantum system: there
is a basis {|0〉, |1〉}A, {|0〉, |1〉, |2〉}B such that in that ba-
sis
|ψi〉 = |0〉A(|0〉B|η
i
1〉C + |1〉B|η
i
2〉C + |2〉B|η
i
3〉C)
+|1〉A(|0〉B |η
i
4〉C + |1〉B|η
i
5〉C + |2〉B|η
i
6〉C),
where 〈ηi1|η
j
1〉 = 〈η
i
2|η
j
2〉 = 〈η
i
4|η
j
4〉 = 〈η
i
5|η
j
5〉 = 0 (i 6= j),
(6)
then if Alice goes first and Bob goes second, a set of
orthogonal states {|ψi〉} is exactly locally distinguishable
if and only if 〈ηi3|η
j
3〉 = 〈η
i
6|η
j
6〉 = 0.
Proof: The sufficiency is obviously. Suppose there ex-
ists a set {|ψi〉}
k
i=1, each of {|ψi〉}
k
i=1 has the form in
Eq.(5). Alice and Bob send the results to Charlie by
measuring in the basis {|0〉, |1〉}A and {|0〉, |1〉, |2〉}B then
Charlie can successfully distinguish these states by mea-
suring with the corresponding orthogonal basis {|ηi1〉}B
or {|ηi2〉}B or · · · or {|η
i
6〉}B.
The necessity is showed as follows. Suppose that Alice
goes first and the k states {|ψi〉}
k
i=1 must be reliably dis-
tinguished. After Alice’s measuring, all reserved states
of Bob must be orthogonal. Therefore, for all pairs of
states {|ψi〉, |ψj〉} and for all measurement results m,
either that pair remains orthogonal postmeasurement,
i.e. 〈ψi|M
†
mMm|ψj〉 = 0, or else one of that pair of
states has been eliminated, i.e. 〈ψi|M
†
mMm|ψi〉 = 0 or
〈ψj |M
†
mMm|ψj〉 = 0.
One of the POVM elements must be nontrivial. So
under the basis space {|0〉, |1〉}A, the POVM elements
M †mMm can be expressed as
M †mMm = α|0〉〈0|+ β|1〉〈1|,
where α > β ≥ 0.
Those states must remain orthogonal if Alice elimi-
nates neither pair from the running. Combined with the
condition, i.e. |ψi〉 and |ψj〉 are orthogonal, we get
〈ψi|M
†
mMm|ψj〉 = α〈η
i
3|η
j
3〉+ β〈η
i
6|η
j
6〉 = 0,
〈ψi|ψj〉 = 〈η
i
3|η
j
3〉+ 〈η
i
6|η
j
6〉 = 0.
(7)
Combined with Eq.(7), we get (α−β)〈ηi3|η
j
3〉 = 0. Since
α > β ≥ 0, we get α − β > 0. Therefore, 〈ηi3|η
j
3〉 = 0
holds. 〈ηi6|η
j
6〉 = 0 holds. Hence, in the case that neither
state is eliminated, this pair of states must be in the form
given in the theorem.
Next, consider the special case, i.e. Alice achieves a
negative identification herself that is 〈ψi|M
†
mMm|ψi〉 = 0
or 〈ψj |M
†
mMm|ψj〉 = 0. Suppose she has eliminated |ψi〉,
so we consider 〈ψi|M
†
mMm|ψi〉 = 0 and 〈ψi|ψi〉 = 1. We
get two equations
α(〈ηi1|η
i
1〉+ 〈η
i
2|η
i
2〉+ 〈η
i
3|η
i
3〉) + β(〈η
i
4|η
i
4〉+ 〈η
i
5|η
i
5〉
+〈ηi6|η
i
6〉) = 0,
〈ηi1|η
i
1〉+ 〈η
i
2|η
i
2〉+ 〈η
i
3|η
i
3〉+ 〈η
i
4|η
i
4〉+ 〈η
i
5|η
i
5〉
+〈ηi6|η
i
6〉 = 1.
Thus, (α − β)(〈ηi1|η
i
1〉 + 〈η
i
2|η
i
2〉 + 〈η
i
3|η
i
3〉) = −β. Since
α > β ≥ 0, the results α − β > 0,−β ≤ 0 and 0 ≤
〈ηi1|η
i
1〉, 〈η
i
2|η
i
2〉, 〈η
i
3|η
i
3〉 ≤ 1 hold. So we obtain β = 0 and
〈ηi0|η
i
0〉 = 〈η
i
1|η
i
1〉 = 〈η
i
2|η
i
2〉 = 0. It implies that 〈η
i
4|η
i
4〉+
〈ηi5|η
i
5〉+ 〈η
i
6|η
i
6〉 = 1. So we get |ψi〉 = |1〉A(|0〉B|η
i
4〉C +
|1〉B|η
i
5〉C+ |2〉B|η
i
6〉C). In this case, the other state must
take the form
|ψj〉 = |0〉A(|0〉B|η
j
1〉C + |1〉B|η
j
2〉C + |2〉B|η
j
3〉C)
+ |1〉A(|0〉B|η
j
4〉C + |1〉B|η
j
5〉C + |2〉B|η
i⊥
6 〉C).
Therefore, in all cases, any pair of states must be the
form in Theorem 1. In the basis {|0〉, |1〉, |2〉}A, all states
are represented as
|ψi〉 = |0〉A(|0〉B|η
i
1〉C + |1〉B|η
i
2〉C + |2〉Bη
i
3〉C)
+ |1〉A(|0〉B |η
i
4〉C + |1〉B|η
i
5〉C + |2〉B|η
i
6〉C),
where 〈ηi1|η
j
1〉 = · · · = 〈η
i
6|η
j
6〉 = 0 (i 6= j). ✷
Theorem 3. A three-dimensional quantum system that
belongs to Alice, a two-dimensional quantum system that
belongs to Bob may be entangled with a n dimensional
quantum system that belongs to Charlie. They share this
3 ⊗ 2 ⊗ n dimensional quantum system: there is a basis
{|0〉, |1〉, |2〉}A, {|0〉, |1〉}B such that in that basis
|ψi〉 = |0〉A(|0〉B |η
i
1〉C + |1〉B|η
i
2〉C) + |1〉A(|0〉B|η
i
3〉C
+|1〉B|η
i
4〉C) + |2〉A(|0〉B|η
i
5〉C + |1〉B|η
i
6〉C),
where 〈ηi1|η
j
1〉 = 〈η
i
2|η
j
2〉 = 〈η
i
3|η
j
3〉 = 〈η
i
5|η
j
5〉 = 0 (i 6= j),
(8)
then if Alice goes first and Bob goes second, a set of
orthogonal states {|ψi〉} is exactly locally distinguishable
if and only if 〈ηi4|η
j
4〉 = 〈η
i
6|η
j
6〉 = 0.
Proof: The sufficiency is obviously. Suppose there ex-
ists a set {|ψi〉}
k
i=1, each of {|ψi〉}
k
i=1 has the form in
Eq.(8). Alice and Bob send the results to Charlie by
measuring in the basis {|0〉, |1〉}A and {|0〉, |1〉, |2〉}B then
Charlie can successfully distinguish these states by mea-
suring with the corresponding orthogonal basis {|ηi1〉}B
or · · · or {|ηi6〉}B.
The necessity is showed as follows. Suppose that Al-
ice goes first and the k states {|ψi〉}
k
i=1 must be reli-
ably distinguished. After Alice’s measuring, all reserved
states of Bob must be orthogonal. Therefore, for all
pairs of states {|ψi〉, |ψj〉} and for all measurement re-
sults m, either that pair remains orthogonal postmea-
surement i.e. 〈ψi|M
†
mMm|ψj〉 = 0 or else one of that pair
4of states has been eliminated i.e. 〈ψi|M
†
mMm|ψi〉 = 0 or
〈ψj |M
†
mMm|ψj〉 = 0.
One of the POVM elements must be nontrivial. So
under the basis space {|0〉, |1〉}A, the POVM elements
M †mMm can be expressed as
M †mMm = α|0〉〈0|+ β|1〉〈1|+ γ|2〉〈2|,
where β ≥ α > γ ≥ 0 or β > α = γ ≥ 0.
Those states must remain orthogonal if Alice elimi-
nates neither pair from the running. Combined with the
condition, i.e. |ψi〉 and |ψj〉 are orthogonal, we get
〈ψi|M
†
mMm|ψj〉 = α(〈η
i
1|η
j
1〉+ 〈η
i
2|η
j
2〉) + β(〈η
i
3|η
j
3〉
+〈ηi4|η
j
4〉) + γ(〈η
i
5|η
j
5〉+ 〈η
i
6|η
j
6〉) = 0,
〈ψi|ψj〉 = 〈η
i
1|η
j
1〉+ 〈η
i
2|η
j
2〉+ 〈η
i
3|η
j
3〉+ 〈η
i
4|η
j
4〉
+〈ηi5|η
j
5〉+ 〈η
i
6|η
j
6〉 = 0.
(9)
Combined with Eq.(9), we get (β−γ)〈ηi4|η
j
4〉 = 0. Since
β > γ ≥ 0, we get β − γ > 0. Therefore, 〈ηi4|η
j
4〉 = 0
holds. 〈ηi6|η
j
6〉 = 0 also holds. Hence, in the case that
neither state is eliminated, this pair of states must be in
the form given in the theorem.
Next, consider the special case, i.e. Alice achieves a
negative identification herself that is 〈ψi|M
†
mMm|ψi〉 = 0
or 〈ψj |M
†
mMm|ψj〉 = 0. Suppose she has eliminated |ψi〉,
so we consider 〈ψi|M
†
mMm|ψi〉 = 0 and 〈ψi|ψi〉 = 1. We
get two equations
α(〈ηi1|η
i
1〉+ 〈η
i
2|η
i
2〉) + β(〈η
i
3|η
i
3〉+ 〈η
i
4|η
i
4〉) + γ(〈η
i
5|η
i
5〉
+〈ηi6|η
i
6〉) = 0,
〈ηi1|η
i
1〉+ 〈η
i
2|η
i
2〉+ 〈η
i
3|η
i
3〉+ 〈η
i
4|η
i
4〉+ 〈η
i
5|η
i
5〉
+〈ηi6|η
i
6〉 = 1.
Thus,
(α−γ)(〈ηi1|η
i
1〉+〈η
i
2|η
i
2〉)+(β−γ)(〈η
i
3|η
i
3〉+〈η
i
4|η
i
4〉) = −γ.
If β ≥ α > γ ≥ 0, the results α − γ > 0, β − γ > 0,
−γ ≤ 0 and 0 ≤ 〈ηi3|η
i
3〉, 〈η
i
4|η
i
4〉 ≤ 1 hold. So we obtain
β = 0 and 〈ηi3|η
i
3〉 = 〈η
i
4|η
i
4〉 = 0. That is, the equation
〈ηi1|η
i
1〉+ 〈η
i
2|η
i
2〉+ 〈η
i
4|η
i
4〉+ 〈η
i
5|η
i
5〉 = 1 holds. It implies
that |ψi〉 = |0〉A(|0〉B |η
i
1〉C+|1〉B|η
i
2〉C)+|2〉A(|0〉B|η
i
5〉C+
|1〉B|η
i
6〉C). In this case, the other state must take the
form
|ψj〉 = |0〉A(|0〉B |η
j
1〉C + |1〉B|η
j
2〉C) + |1〉A(|0〉B |η
j
3〉C
+ |1〉B|η
j
4〉C) + |2〉A(|0〉B|η
j
5〉C + |1〉B|η
i⊥
6 〉C),
If β > α = γ ≥ 0, the results α − γ = 0, β − γ > 0,
−γ ≤ 0 and 0 ≤ 〈ηi1|η
i
1〉, 〈η
i
2|η
i
2〉, 〈η
i
3|η
i
3〉, 〈η
i
4|η
i
4〉 ≤ 1 hold.
So we obtain β = 0 and 〈ηi0|η
i
0〉 = 〈η
i
1|η
i
1〉 = 〈η
i
2|η
i
2〉 =
〈ηi3|η
i
3〉 = 0. That is, the equation 〈η
i
4|η
i
4〉 + 〈η
i
5|η
i
5〉 = 1
holds. It implies that |ψi〉 = |2〉A(|0〉B |η
i
5〉C+ |1〉B|η
i
6〉C).
In this case, the other state must take the form
|ψj〉 = |0〉A(|0〉B |η
j
1〉C + |1〉B|η
j
2〉C) + |1〉A(|0〉B |η
j
3〉C
+ |1〉B|η
j
4〉C) + |2〉A(|0〉B|η
j
5〉C + |1〉B|η
i⊥
6 〉C),
Therefore, in all cases, any pair of states must be the
form in Theorem 3. In the basis {|0〉, |1〉, |2〉}A, all states
are represented as
|ψi〉 = |0〉A(|0〉B |η
i
1〉C + |1〉B|η
i
2〉C) + |1〉A(|0〉B |η
i
3〉C
+ |1〉B|η
i
4〉C) + |2〉A(|0〉B|η
i
5〉C + |1〉B|η
i
6〉C),
where 〈ηi1|η
j
1〉 = · · · = 〈η
i
6|η
j
6〉 = 0. ✷
Theorem 4. A m1-dimensional quantum system that
belongs to Alice, a m2-dimensional quantum system that
belongs to Bob, . . ., a md-dimensional quantum sys-
tem that belongs to Zehers may be entangled with a
n-dimensional quantum system that belongs to Susan.
They share this m1⊗m2⊗· · ·md⊗n (m1,m2, . . . ,md ≥
2) dimensional quantum system: there is a basis
{|0〉, |1〉, . . . , |(m1−1)〉}A, {|0〉, |1〉, . . . , |(m2−1)〉}B, · · · ,
{|0〉, |1〉, . . . , |(md − 1)〉}Z such that in that basis
|ψi〉 = |0〉A|0〉B · · · (|0〉Y |η
i
1〉Z + |1〉Y |η
i
2〉Z + · · ·
+|(md − 1)〉Y |η
i
md
〉Z) + · · ·+ |(m1 − 1)〉A
|(m2 − 1)〉B · · · |(md−1 − 1)〉(|0〉|ηim1m2...md−md+1〉C+
· · ·+ |(md − 1)〉Y |η
i
m1m2...md
〉C),
where 〈ηi1|η
j
1〉 = . . . = 〈η
i
m1m2...md−md−1|η
j
m1m2...md−md−1〉
= 〈ηim1m2...md−md+1|η
j
m1m2...md−md+1〉 = . . .
= 〈ηim1m2...md−1|η
j
m1m2...md−1〉 = 0.
then if Alice goes first, Bob goes second,
. . . and Yelly goes dth, a set of orthogonal
states {|ψi〉} is exactly locally distinguishable
if and only if 〈ηim1m2...md−md |η
j
m1m2...md−md〉 =
〈ηim1,m2,...,md |η
j
m1,m2,...,md
〉 = 0.
The m1 ⊗ m2 ⊗ . . .md ⊗ n (m1,m2, . . . ,md ≥ 2) di-
mensional mixed quantum states
ρk =
(m1−1),(m2−1),...,(md−1)∑
m,n=00...0
|m〉〈n| ⊗ ρkmn
can be distinguished with the help of Theorem 4 refer to
Ref. [8].
In this paper, we have the same conclusion in 2⊗2⊗n,
i.e. 3n orthogonal product states can be exactly locally
distinguished if and only if at most 2n of those states are
product states.
III. CONCLUSION
We present a simple method to construct distinguish-
ing multipartite high-dimensional quantum states by
OW-LOCC in m1⊗m2⊗ . . .⊗md⊗n (m1,m2, . . . ,md ≥
2) including pure quantum states and mixed quantum
states. We analyze the indistinguishability and distin-
guishability of some sets. Our work not only presents a
very meaningful conclusion but also further reveals quan-
tum nonlocality without entanglement or with entangle-
ment. It is an open question how to construct multi-
partite indistinguishable orthogonal quantum states in
m1 ⊗m2 ⊗ . . .⊗md ⊗ n.
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